(i)
\e-p/q\zkr* for a positive constant k. Liouville constructed his transcendental numbers as the limit of special sequences of rationals, p/q, which violated condition (1) regardless of the values of k and n, as q->oo. Thus Liouville constructed almost-rational numbers. E. Maillet 3 likewise found a lower bound for 0-a where now 0 is approximated by the quadratic numbers, a. He then violated his lower bound by substituting for 0 the value of an almost periodic simple continued fraction and for a a quadratic number, namely a periodic simple continued fraction that 0 almost represented. Thus he constructed an almost-quadratic transcendental.
It is an elementary matter to find a lower bound for 0-a, where we now approximate 0 by an algebraic number not necessarily rational or quadratic. We could then try several departures. We could, for example, try to construct almost-cubic or almost-biquadratic transcendentals. 4 On the other hand, we could use a diagonal method, that is, we could consider the limit of a rapidly converging sequence of algebraic numbers whose degree becomes indefinite. For example, a root of a power series with rational coefficients is the limit of a sequence of (algebraic) roots of the partial sums, and the speed of convergence is regulated by the remainder. If the remainder is too small we find that the root of our power series can be approximated too closely by algebraic numbers of varying degrees, namely the roots of Gauthier-Villars, 1906, chap. 7. 4 For instance, E. Maillet, op. cit., pp. 22, 100, considers certain "rapidly converging n power series with rational coefficients and algebraic values of the argument. The value of such a series is shown to be almost algebraic when regarded as the limit of the algebraic partial sums (which lie in the field generated by the argument and therefore are of no higher degree than the argument). the partial sums. Thus the root of our power series must be transcendental. By this method we can obtain some transcendental numbers which seem to have previously escaped notice.
2. Approximation of a fixed algebraic number by an arbitrary algebraic number. We let 0 be a fixed algebraic number of degree n whose denominator is t 0 , that is, 0 satisfies the equation with integral coefficients
We consider a the root of an arbitrary polynomial with integral coefficients
Denoting For any conjugate of 0, we find easily
where T\ is a constant determined by 0. Hence if 0(0)^0, we obtain from (2), (3), and (4) uwi^i/îCii^wir'rr^fc*}. (T^O) , and e% are increasing integral exponents. For sim-plicity set a<> = 1. Let <Th(x) be the hth partial sum (up to and including the exponent eh). Then of the coefficients a t -in <Th(x) let gh be the maximum |a»| (ga^l) and let dh be the least common multiple of the denominators s< in <Th(x). Then if as &-• > oo, en+i is of a higher order of infinity 5 than e^ log g&, and log dh, we find that <r(x) is transcendental for all algebraic x within its circle of convergence, except x = 0.
In short, if 0 is algebraic of degree n, then for an arbitrary polynomial <t>(x) of degree m with integral coefficients no greater than A [<£(#)]
To see this, let x take the algebraic value 6 of degree n within a circle of convergence of radius p. We suppose E(a) to be an arbitrary polynomial of degree k with integral coefficients of which the greatest has the absolute value A [E(<r) ]. Then we wish to show E(<r(6)) 9*0.
First we write E(cr(x)) as partial sum and remainder By our condition on the order of magnitude of en+u it follows from (6) and (7) Then ai(x) and x are not both algebraic unless # = 0, and indeed, the values of x (?^0) for which <Ti(x) is algebraic are some instances of the type of transcendentals under discussion.
NEW YORK CITY

